In this paper we consider the most basic multi-impact system, the so called "Newton's Cradle". The task of developing an analytical method to predict the post impact velocities of the balls in the cradle has baffled investigators in the field of impact research for many years. The impulse based rigid body body as well as the alternative compliance based time base approaches have failed to produce valid solutions to this problem.
Introduction
Multi-impact problems pose many difficulties and unanswered questions (Marghitu and Hurmuzlu, 1995) . The simplest of these problems, the linear chain or the "Newton's Cradle" represents the most basic problem of this type. This classical problem involves a collision problem where one ball strikes one end of a linear chain of stationary balls in contact with each other. The system represents the simplest of the multi-body impact problems that one may consider. Yet, it encapsulates the difficulties that are present in more complex systems. Many investigators attempted to develop analytical solutions that produce post impact velocities in this class of problems. The fact remains, however, that the methods that have been proposed possess deficiencies and inconsistencies that are yet to be resolved.
One approach to the solution of the problem has been the consideration of sequential impacts and use of impulse-momentum rules and coefficients of restitution. Johnson (1976) , introduced the notion of sequential impacts. The method was based on a succession of simple impacts that occur one at a time. Han and Gilmore (1993) , proposed a solution algorithm that accommodated multiple impacts, but their methods resulted in multiple sets of feasible post impact velocities that were valid for the same initial conditions. Brogliato (1996) also considered the three ball impact problem. The conclusion drawn by this author was that the rigid body rules did not possess sufficient information to yield a unique post impact solution. He proceeded by stating that the only way to solve the rigid body indeterminacy was to add compliance to the bodies in contact.
The second approach is the compliance based method that introduce linear springs between consecutive balls in the chain. The approach results in a set of second order, linear differential equations that can be cast as functions of the ratios of the spring constants. One of the earliest studies of this type was presented in Smith (1955) . Walkiewicz and Newby (1972) , considered the possible solutions of the three ball chain that simultaneously satisfied momentum and energy equations. They showed that there were infinitely many solutions that fit this description. Newby (1979) , studied the three ball impacts by placing linear springs to model the contacts. He used the spring stiffness ratio as a parameter, and analyzed its effect on the velocity outcomes. He demonstrated that it was not always possible to determine the values of the necessary stiffness ratio that yielded a specific velocity outcome. Hinch and Saint-Jean (1999) studied the case of a very long rectilinear array of balls. The compliance based methods are significantly more difficult to apply that the impulse-momentum based ones. To the best of our knowledge, the investigators that applied these methods, never included damping in their analysis, and have always assumed perfectly elastic collisions. In addition, complexity of such methods makes it very difficult to experimentally estimate the model parameters, specifically for chains with large number of balls. Cholet (1998) , uses the methods of convex analysis that is inspired by an adaptation of Moreau's sweeping process (Moreau, 1994; Fremond, 1995) to analyze the multiple impacts in a three ball cradle. This work represents the most advanced up to date and produces unique and energetically consistent results. The only drawback of the approach is that the solution is formulated in terms of three parameters that do not have obvious physical meanings. For example, with this method, it becomes very difficult to identify the parameter values that lead to purely elastic impacts. In addition, the post impact velocities are nonlinear functions of the parameters. Thus, one may encounter difficulties in estimating the parameter values from experiments. Often, there is not a one to one correspondence between a particular post impact velocity set and parameter set. One may obtain the same outcome for different set of parameters. We believe that, a solution method that is based on physically meaningful parameters such as the coefficient of restitution will be more effective in dealing with the multiple impact problem at hand.
The objective of the present article is to develop an impulse-momentum based method to determine the post impact velocities of the general N-Ball chain. The method should produce unique and energetically consistent solutions. The predicted outcomes should be physically consistent and experimentally verifiable (experimental verification of the previous methods is almost nonexistent). For this purpose we present a new methodology that uses the energetic coefficient of restitution, Stronge( 1990) . We propose a new constant, that we call the "Impulse Correlation Ratio". We test our method by conducting a set of experiments, and comparing the theoretical outcomes with the experimental ones. 3 . For this purpose one can write the conservation of linear momentum equations for the three balls, this yields:
where, ∆v i and ∆τ i are the changes in velocities and impulses as a result of the collision. Here, we have three equations in terms of the three post impact velocities and the two changes that occur in normal impulses. Additional assumptions are needed to obtain the two additional equations that are necessary to solve the problem. One can use coefficients of restitution 4 between pairs of balls to resolve this problem. Since the balls can be treated as particles, the kinematic coefficient of restitution e k 2 between B 1 and B 2 can be used to obtain one additional velocity relationship:
where the superscript "+" denotes the quantity at the end of the collision. One encounters problems in applying the restitution law between B 2 and B 3 because two assumptions regarding their contact situation at the instant of collision yield different solutions. Accordingly, Han and Gilmore (1993), report the following solutions for three equal mass balls and e = 1, v
The former solution is obtained by assuming that B 2 and B 3 are in contact when B 1 strikes and they can be treated as a single mass (v
. The second solution, on the other hand, is obtained by assuming that B 2 and B 3 are not in contact when B 1 strikes, which leads to the impulse condition τ 3 = 0. Having two equally possible solutions poses a serious difficulty in accepting this approach as a valid way of solving this problem.
Impulse Correlation Ratio
The compliant, three ball chain.
We now consider the compliant model that is presented in Fig. (2) , which is the example considered in Brogliato (1996) . For simplicity, we will choose
When all the balls are in contact, their displacements can be obtained as follows:
where
The left and right impulses acting on B 2 can be written as follows:
Now, we investigate the relationship between ∆τ 2 and ∆τ 3 . First we form the following linear relationship between the impulses:
Substituting Eqs. (10) and (11) into (12) and simplifying we obtain:
(13) Considering the first extreme case when the first spring is much stiffer than the second(γ 1) in Eq. (13) yields:
Thus, the impulses can be related as ∆τ 3 = γ∆τ 2 when the first spring is much stiffer than the second. Next, we consider the other extreme, γ 1 in Eq. (13) yields:
Once again we have a proportional relationship in the form of ∆τ 3 = 1/2∆τ 2 . Based on the two extreme trends that we have shown, we form the following hypothesis that we assume is valid for triplets of balls:
Consider a linear sequence of three balls: We can apply this hypothesis to establish a relationship between the normal impulses when B i establishes contact and initiates a collisions with B i+1 during the impact of B i−1 and B i . This relationship is given by:
This relationship should be understood in the context of the impact direction, as in this chapter we assume that the impact propagates in the increasing direction of ball indices. Adaptation of these definitions to cases with reverse impact direction is a matter of reversing the indexing.
In the next subsection, we use the momentum based approach and the Impulse Correlation Ratio, to formulate an energetically consistent solution to obtain the post impact velocities.
The solution method
Solving Eqs. (1), (2), (3), and (16) for the velocity changes ∆v 1 , ∆v 2 , in terms of ∆τ 2 and ∆v 2 , ∆v 3 in terms of ∆τ 3 yields:
Figure 3: Velocity-Impulse graphs
Figure (3.a) and (3.b) depict the velocity-impulse diagrams for the collisions between the balls B 1 , B 2 and B 2 , B 3 respectively. In this study we use the energetic coefficient of restitution (Stronge, 1990) , to determine the terminal impulse for each collision. Accordingly, for the first diagram we have (see Figure ( 3.a)):
Now, setting v 2 = v 1 and solving for the maximum compression impulse τ c 2 , results in the following expression:
Next, we compute the work done during the compression and restitution phases and use the definition of the energetic coefficient of restitution to get 8 the following equation:
where e 2 is the coefficient of restitution between B 1 and B 2 . Solving Eq. (23) for τ f 2 yields: τ
Moving on to the second diagram (see Figure (3.b) ) where we have:
where,
Note that, when τ 3 ≥ α 2,3 τ f 2 the impact between B 1 and B 2 is over. Thus, only the right impulse, τ 3 acts on the ball
. This leads to the second part of the expression given for v 2 in Eq. (25). Finally the expression for v 3 can be written as follows:
Once again, we compute the maximum compression impulse between B 2 and B 3 by setting v 3 = v 2 , which yields:
Now, set up the energy equation as:
where e 3 is the coefficient of restitution between B 2 and B 3 . It is important to note that using different definitions of the coefficient of restitution would lead to different outcomes. Although we are dealing with particle collisions, simultaneous impacts lead to the two segment configuration of v 2 in the velocity impulse diagram (see Fig. (3.b) ). Thus, one has to use the energetic definition of the coefficient of restitution to get energetically consistent results. Now, solving Eq. (29) for τ f 3 yields:
The post impact velocities can now be computed as follows:
We note that the positiveness of the inside of the radical in Eq. (30) can be used to establish an upper bound on the correlation ratio α 2,3 . If we consider α 2,3 ≤ 1, and impose the two underlying conditions v 
is varied in its limiting interval 0 ≤ α 2,3 ≤ 0.5. We note that the two outcomes that are produced by the solution method of Han and Gilmore (1993), corresponds to the two limiting values of the Impulse Correlation Ratio. Our method exposes a spectrum of solutions that bridge the gap between the two limiting outcomes. The lower bound corresponds to sequential impacts while the upper limit represents simultaneous time of compression at two contacts. By specifying the value of the Impulse Correlation Ratio, one can obtain a unique solution for the problem. The question of the validity of the ratio as a material constant remains to be answered. In the latter part of this section we will present the results of an experimental study that addresses this issue. 
Multiple impacts
To explain the multiple impacts that may arise during the present problem, we consider a specific example that leads to the velocity impulse diagrams that are depicted in Fig. (5) . The example corresponds to a three ball case with initial velocities of v The decrease in v 2 during this interval can be observed as the sudden change in the velocity on the diagram that corresponds to τ 2 . This is true because during this interval B 1 and B 2 do not interact, and thus the impulse τ 2 between these balls remains constant. Subsequently, the slowdown in the velocity v 2 initiates a backward impact between B 1 and B 2 when (1), (2) , and (3) we may express the velocities as follows:
(37)
The specific computation of final impulses is carried out using the energetic definition of the coefficient of restitution. The respective final impulses and velocities can be found by sequentially solving the following equations for τ Fig. (5) . It should be obvious from this example that one may have to go through a complex set of computations in order to solve even this simple example. For this purpose, we have written a computer program using the software package Mathematica that automatically performs the computations required to compute the final impulses, the maximum compression impulses, etc. 
Post impact bouncing patterns of a three ball cradle
Having developed our solution method, now we study the effect of various parameters on the possible bouncing patterns that can be exhibited by the 
Multiple impacts take place only when
, which leads to the following condition:
where r 1 = . Thus, we may divide the r 1 − r 2 plane into two regions that are below and above the upper-most curve shown in Fig. (6) . The region above this curve is the distinct collision area, while in the lower region we have at least one back impact. We may continue in the same fashion to obtain the boundary for the region where we have at least one forward impact between B 2 and B 3 as a result of the back impact between B 2 and B 1 . We obtain a condition for the forward impact in a similar manner to the one we obtained Eq. (44). This results in the dashed curve that is situated below the topmost curve. Then, we can continue in the same manner to obtain further alternating boundaries that lead to more pairs of back and forward impacts.
We may also partition the r 1 −r 2 plane into three regions that correspond to post-impact velocity directions. Each of these regions corresponds to a unique post-impact bouncing pattern (see Fig. (6) ). The expression for the line that separates regions I and II in the distinct-collision region can be obtained by setting v + 1 in Eq. (31) equal to zero and solving for r 1 as:
The line that separates regions I and III in the distinct-collision region can be obtained by setting v + 2 in Eq. (32) equal to zero and solving for r 2 as:
We may obtain similar partitioning in the multiple collisions zones by setting respective velocity pairs equal to one another and obtaining conditions. for i = 2, N). As in the previous section, our objective is to determine the post impact velocities v + i of the balls.
Generalization of the three ball approach to Nballs
We start by writing the conservation of momentum equations for a ball B i , which yields the following N equations:
with
where, ∆v i and ∆τ i are the changes in velocities and impulses as a result of the collision. The Impulse Correlation Ratios for each ball B i can be used to obtain additional N − 2 equations in the following form:
where I f and I b are index sets that represent the triplets of balls undergoing simultaneous collisions in the direction of increasing and decreasing ball indices respectively. Solving for ∆v i yields solutions of the form:
The next step in solving the impact problem is to proceed as we have done for the three ball case. That is, the velocities should be tracked on the impulse diagrams. The points where the balls lose and re-establish contact should be calculated and the related impulse expressions should be adjusted properly.
As we have mentioned in the three ball case, this is a very complex procedure and we have developed a Mathematica package that will automatically set up the calculations for N number of balls. Finally, a symbolic analysis of the velocity outcomes similar to the three ball case yields the following bounds on the Impulse Correlation Ratios for the N ball case: 
Intermittent collisions
There is a special situation that may arise during collisions for chains with N ≥ 4. The special case arises when the B 2 -B 3 impact ends at τ f 3,1 . At this point, we encounter an unusual case on the τ 3 diagram (see Fig. (8.a) ). We observe an upward vertical jump in v 2 due to the continuing second B 1 -B 2 collision and downward jump in v 3 caused by the ongoing B 3 -B 4 impact. The problem that is encountered here is to determine the point where we have the onset of the second B 2 -B 3 impact. If we continue the B 1 -B 2 and B 3 -B 4 collisions by ignoring the possible contact between B 2 -B 3 we obtain the shaded region that is shown in Fig. (8.a) ). The onset of the second B 2 -B 3 collision will be somewhere in the shaded region where the two velocities overlap. When this situation arises, we assume that the two balls meet in the midpoint of the overlap region. This assumption leads to the final diagrams that are depicted in Fig.(8.b) ).
Experiments
Newton's Cradle High Speed Camera VCR 
The experimental set-up
The objective of the present study was to analyze multiple impacts in a multi-body system for the non-frictional case. For this purpose the classical collision experiment known as Newton's Cradle was set up (see Fig. (9) ). Various chains with 3 to 6 balls of different masses and materials were arranged by suspending each ball from a frame using two threads. The strings are attached to the frame through sliding guides to ensure properly aligned balls before impact. Proper alignment of the mass centers ensured the elimination of the rotation of the balls and tangential forces at the points of impact. A chain of central impacts was generated by releasing the first ball in the chain from a pre-determined elevation.
The experimental data was captured by using a high speed video system capable of 1000 frames per second. Retro-reflective markers were used to mark the mass center of each ball. The relative positions of the balls before and after the impact were determined with respect to a fixed marker, used as reference. The acquired video images were transferred to a personal computer, where a specialized program was used to digitize the markers positions. The digitized positions were used to compute the dropping height of the first ball and the maximum post impact heights attained by each ball. Finally, the pre-impact velocity of the first ball and post impact velocities of all balls were computed from the calculated heights. The experiments were conducted using three types of balls, designated as A, B, C, and D. The masses of the A, B, and C balls were 45, 53, 53, and 166 grams respectively. An initial set of experiments with pairs of balls were conducted to determine the coefficients of restitution that are presented in Table. 
Experimental verification of the Impulse Correlation Ratio
The hypothesis of the Impulse Correlation Ratio is based on the fact that it is a constant which depends on the material and geometric properties of triplet of balls in contact. To check this hypothesis, we first determined the Impulse Correlation Ratios for all possible combinations of the three balls arranged in triplets. For this purpose, twenty seven experiments were conducted. Each experiment involved a chain of three balls. The analytical algorithm and the coefficients of restitution in Table 1 were used to compute the impulse correlation ratios that produced the best fit to the experimentally acquired post impact velocities. The resulting impulse correlation ratios are listed in Table 2 . Tables 1 and 2 to compute the post impact velocities.
Figures (10), (11) , and (12)depict the experimental results. The figures depict the results of eight sets of experiments conducted with a specific sequences of balls as shown on individual graphs. The results clearly demonstrate that the theoretical outcomes are in agreement with the experimental results.
23

Discussion and conclusion
In this paper we develop a new method that produces a unique and energetically consistent solution to the N-Ball linear chain problem. The method is based on the impulse-momentum methods, the energetic coefficient of restitution, and the Impulse Correlation Ratio that is introduced first time in this paper.
Multi-impact problems pose many difficulties and unanswered questions. The simplest of these problems, the linear chain or the Newton's Cradle represents the simplest and the most basic problem of this type. The dynamic problem is simple because one only has to deal with motion of particles, yet it includes the difficulties that are encountered in more complex systems. The solution of the multi-impact problem has been confounded by the lack of sufficient means in the rigid body impact theory to resolve the collisions of stationary bodies that are in contact. This shortcoming manifested itself as the non-uniqueness of solutions obtained using the theory.
Here, we amended the rigid body theory by introducing the Impulse Correlation Ratio. This constant serves as a mechanism to coordinate the force transmission through the chain. Effective use of the energetic coefficient of restitution leads to energetically consistent results. Moreover, the method is the only one we know of that captures the commonly observed grouping of balls through the proposed back propagation process.
Finally, we conducted a set of experiment to verify the proposed theoretical methods and procedures. We have shown that the Impulse Transmission Ratio can be measured with relative ease. We have also demonstrated that the predictions of our method produces excellent agreement with the experimentally measured outcomes.
